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1. Introduction 



In this paper we are concerned with spacelike convex hypersurfaces of positive 
^ \ constant (K-hypersurfaces) or prescribed Gauss curvature in Minkowski space M n,l 

(n > 2). Any such hypersurface may be written locally as the graph of a convex 
function x n+ i = u(x), 16R™ satisfying the spacelike condition 

(1.1) \Du\ < 1 
and the Monge-Ampere type equation 

(1.2) &etD 2 u = ip(x,u)(l - \Du\ 

where ip is a prescribed positive function (the Gauss curvature). Our main purpose 
■ is to study entire solutions on R n of fll.lj) -( jL~2l . 

-■»». ■ For ip = 1 a well known entire solution of ( 11.1I) - (11.2I) is the hyperboloid 



n+2 



(1.3) x n+1 = a/1 + \x\ 2 , x G 

which gives an isometric embedding of the hyperbolic space HP into M ra ' . Hano and 
Nomizu [11 J were probably the first to observe the non-uniqueness of isometric em- 



beddings of H 2 in IR 2 ' 1 by constructing other (geometrically distinct) entire solutions 
of (jl.ip - fll.2D for n = 2 (and if) = 1) using methods of ordinary differential equations. 
Using the theory of Monge-Ampere equations, A.-M. Li [12] studied entire spacelike 
K-hypersurfaces with uniformly bounded principal curvatures, while the Dirichlet 
problem for fll.ip - fll.2j) in a bounded domain Q C M. n was treated by Delanoe [8] 
when Q is strictly convex, and by Guan [9] for general (non-convex) Q. In this paper 
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we are interested in entire spacelike K-hypersurfaces, and more generally hypersur- 
faces of prescribed Gauss curvature, without a boundedness assumption on principal 
curvatures. 

Our first goal is to classify all entire spacelike K-hypersurfaces with symmetries, 
i.e. those invariant under a subgroup of isometries of MJ 1 ' 1 , extending the results of 
Hano-Nomizu [11] to higher dimensions. We will focus on hypersurfaces which are 
rotationally symmetric with respect to a spacelike rotationally symmetric 

entire spacelike K-hyper surf ace with other types of axes either does not exist (when 
the axis is lightlike) or is congruent to a rescaling of the standard hyperboloid ( 11. 31) 
(when the axis is timelike). These surfaces will be constructed in Section [2] where 
we will study their properties and asymptotic behavior at infinity. As we will see 
in Section HI understanding these surfaces is crucial to our study of the Minkowski 
type problem described below. One of our main results in Section [2] states that these 
symmetric K-hypersurfaces are complete with respect to the induced metric from 



For general entire spacelike K-hypersurfaces it is an important question to under- 
stand their asymptotic behavior at infinity. Li [12] proved that an entire spacelike 
K-hyper surf ace given by a convex solution u G C°°(lR n ) of (ll.ll) - (ll.2p has uniformly 
bounded principal curvatures if and only if Du(M n ) = -Bi(O), the unit ball in E n . On 
the other hand, as we will see in Section [2] there do exist entire K-hypersurfaces with 
unbounded principal curvatures. As in the case of hypersurfaces with constant mean 
curvature which was treated in [13] and [7], the asymptotic behavior of an entire 
spacelike K-hyper surf ace can be characterized by its tangent cone at infinity. (See 
Section [31) Finding entire spacelike K-hypersurfaces with prescribed tangent cones 
at infinity is more subtle. A substantial difficulty is due to the fact that spacelike 
K-hypersurfaces do not admit a priori interior uniform bounds which keep them from 
becoming null. To overcome this difficulty we adopt a variational approach, following 
an idea from [in], that allows us to introduce an appropriate class of weak solutions to 




(11. 2p . called admissible maximal solutions which may only satisfy the weakly spacelike 
condition 





Du\ < 1. 



The details will be discussed in Section |3] where we consider the existence and regu- 
larity of entire weak solutions to (jl.2p with prescribed tangent cone at infinity. 
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Another interesting approach to finding entire spacelike hypersurfaces with pre- 
scribed Gauss curvature and tangent cone at infinity is to consider the Minkowski 
type problem of prescribing Gauss curvature as a function (defined on a domain Q in 
HP, the unit sphere in HP' 1 ) of the unit normal vector of the prospective hypersurface. 
This was indeed the approach employed by Li [12] who considered the case when 
the function is defined on the whole space HP 1 (or equivalently -Bi(O) C HP via the 
Legendre transformation) , coupled with a smoothness requirement on the asymptotic 
behavior at infinity of the prospective solution graph(w) (in terms oix-Du(x) — u(x)). 
With the aid of the K-hypersurfaces constructed in Section [2, we extend Li's result 
to allow Lipschitz boundary data for n — 2, which geometrically seems to be a more 
natural assumption. Another challenging problem is to study more general cases of 
prescribing the function on only part of HP. In this paper we are able to treat the 
case Q = H" := HP n {x\ > 0}. This part of the work is included in Section HI We 
hope to come back to the problem in future work. 

The corresponding questions for spacelike hypersurfaces of constant mean curvature 
have received considerably more intensive investigation. In their remarkable work 
on the Bernstein theorem for maximal hypersurfaces which extends earlier results 
due to Calabi [5] to higher dimensions, Cheng- Yau (6] proved that entire spacelike 
hypersurfaces of constant mean curvature in IP' 1 are complete (with respect to the 
induced metric) and have uniformly bounded principal curvatures. Subsequently, 
Treibergs [13] and Choi-Treibergs [7] studied the asymptotic behavior at infinity of 
entire spacelike graphs of constant mean curvature and treated the existence of such 
hypersurfaces with prescribed tangent cone at infinity. In [lj Bartnik-Simon dealt with 
the Dirichlet problem for the equation of prescribed mean curvature. Our results seem 
to indicate that there are significant differences between entire spacelike hypersurfaces 
of constant Gauss curvature and those of constant mean curvature. It is an interesting 
open question whether an entire spacelike K-hypersurface must be complete. 

Acknowledgments. Part of this work was done while the second author was 
visiting the University of Tennessee and he wishes to thank the Department of Math- 
ematics for the hospitality. 
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2. Entire spacelike K-hypersurfaces with SO(n - 1, 1) symmetries 

In this section we will classify all entire spacelike K-hypersurfaces which possess 
a rotational symmetry with respect to a spacelike axis. Up to rescaling any such 
hypersurface is congruent in ML™' 1 to the graph of a convex solution of (jl.ip - (jl.2j) with 
ip = 1 of the form 



(2.1) u(x) = V 70i) 2 + M 2 , x = (x 2 ,...,x n ), x=(x 1 ,x)eR n 

where / is a positive function defined on R. Geometrically the K-hypersurface M : = 
graph(w) C R™' 1 is invariant under the isometries 

(cosh# sinh6* \ 

#n-i , OeR, $ B _ 1 e50(n-l). 

sinh 6 1 cosh 9 I 

We first recall some basic local formulas for the geometric quantities of spacelike 
hypersurfaces in the Minkowski space R 71,1 which is R n+1 endowed with the Lorentzian 
metric 



(2.3) ds 2 = ^dx 2 - dx 



2 

1=1 



A spacelike hypersurface M in R n>1 is a codimension-one submanifold whose induced 
metric is Riemannian. Locally M can be written as a graph x n+ \ = u(x), x G R n , 
satisfying the spacelike condition (11.11) . The induced metric and second fundamental 
form of M are given by 

(2.4) gij = djj - ti r u r 
and, respectively 

(2.5) ha 



y/l ~ \D U \ 2 ' 

while the timelike unit normal vector field to M is 

(2.6) ,= ^l' 1 ,, 

where Du = (u xi ,--- ,u Xn ) and D 2 u = {u XiXj } denote the ordinary gradient and 
Hessian of u, respectively. We will use Vm to denote the gradient of u on M. Note 
that the norm of Vu (with respect to the induce metric on M from R™' 1 ) is 

(2.7) |Vu| = y'V"',,",, = -yfq=p 
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where 

( 2 - 8 ) 9 13 = k + YZ\15^ 

is the inverse matrix of {gij}- The Gauss-Kronecker curvature, which is the product 
of the principal curvatures (i.e. the eigenvalues of the second fundamental form with 
respect to the metric of M), and the mean curvature of M are given by 

( ' M = n m 

(1 — \Du\ 2 ) 2 

and, respectively 

(2.10) H M = -div( D " 



n \y/\ — \Du\ 

Thus equation fll.2p locally describes hypersurfaces with prescribed Gauss-Kronecker 
curvature ip. 

Now assume that u is of the form (12. ip . One calculates 

(2.11) u Xl = ; M = — , 2<i<n, 

u u 

and 

(2.12) 1 - \Du\ 2 = /2(1 ~ ^ 



u 2 



Thus u is spacelike if and only if 

(2.13) \f'\ < 1 on R. 
By (E2D and (jZTJ) we have 

(2.14) !54 < 1 



Next, 



U " uy/l ~ \Du\ 2 fy/l - f' 2 

ff" + r 2 Pf _ ff" + r 2 - 1 | gn 

u u 3 u u 

ff' x j _ 9ij 



u 3 u 



u XlXj = -(Sij - = 2 < i, j < n 

and therefore, 

ff" 



det D 2 u 



u n+2 ' 
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The Gauss curvature of the spacelike hypersurface M in R™' 1 is thus given by 

f" 

(2-16) K M = tt~^+2 

/n _ 1(1 _ //2) a±2 

while, by (I2.12p and (I2.15p . the principal curvatures are 

/" 1 

(2.17) Ki = Ko — ■ ■ ■ — K„ — r- 

Consequently, if Km = 1 then 

(2.18) f» = r -\l-f^. 
Integrating (12.181) we obtain 

(2.19) (1 - f 2 )-"/ 2 - f n = (1 - 6 2 )-"/ 2 - a n = c 
where 

(2.20) a = /(0), 6 = /'(0). 

We summarize some of our observations in the following. 

Lemma 2.1. Let a > 0, \b\ < 1 and c = (1 — 6 2 )~ n / 2 — a™. Tne following results hold: 

(a) Tae (unique) solution f to Ii2.18\) and Ii2.20\) exists on the entire R and satisfies 

(b) J/ b > tnen 

(2.21) lim fit) = 1 and lim f{t)\l - f(tf) = 1. 

(c) Ifc<l then f > and f" > on M. 

(d) If c > 1 then f changes signs on R. 

(e) Suppose g is another solution of Ii2.19\) satisfying g(0) > and |g'(0)| < 1. 
Taen either g = (1 — c) 1//n ; which is possible only when c < 1, or there exists t G R 
sitca tnat a(t) = /(at + to) where a = 1 or —1. 

Proof. Suppose /'(to) = 1 f° r some t £ R- We may assume t > and < /' < 1 in 
[0,t ). Then 

f(t) = f(0) + [ f(t)dt<a + t Q , V0<t<t - 
Jo 



However, by fl2TT9l . 



lim f(t) = +oo. 
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This contradiction shows that \f'\ < 1 wherever the solution exists. By the theory 
of ordinary differential equations we see the solution extends to the entire R. This 
proves (a). 

If b > then from <j27T5|> we see f"(t) > and f'(t) > on t > 0. It follows that 



lim f(t) = +oo. 

t^+oo 

By (E19]) this implies flOTD and (b) is proved. 

From (jZIBD we see /" > if / > while f n > 1 - c by (|235|) . Now suppose c = 1 
and /(to) = for some t G R. Then /'(to) = and therefore / = by the uniqueness 
of solution. This contradicts the fact that /(0) = a > 0, proving (c). 

Suppose that c> 1 and / > on R. Then |/'| > (1 - c~ 2/n ) 1/2 = c > on R by 
(12.191) . Without loss of generality, let us assume /' > c on R. Then 



/(*) = /(0) + 



cv 



/ f'{t)dt < a + ct, Vt<0. 

Letting t — ► — oo we reach a contradiction, which implies (d). 

Finally, to prove (e) we observe that if g is not constant then it also satisfies (12.181) . 
From the proof of (b) we see that g is unbounded above on R. There exist therefore 
ti,t 2 G R such that f(t 1 )= g{t 2 ) and hence = \g'(t 2 )\ by (12191) . The function 

f(t) = f(a(t-t 2 )+t l ) where 

1, if/'(t 1 )=^'(t 2 ) 
^ -1, iif'(t 1 ) = -g'(t 2 )^0 

then satisfies (12.181) and 

f(t 2 )=g(t 2 ), f'(t 2 )=g'(t 2 ). 

By the uniqueness of solutions we have / = g. The proof is complete. □ 

By Lemma 12.11 when c > 1 the corresponding function u given by (12. ip fails to 
be smooth in R n while when c < 1 the resulting hypersurface is a smooth spacelike 
strictly convex entire graph. Our next lemma enables us to classify these surfaces. 

Lemma 2.2. Suppose a > 0, 0<6<l ; c=(l — b 2 )~ n l 2 — a n < 1 and let f be the 
solution of A2.18\) and H2.20\) on R. 
(a) Ifc—1 then /' > on R and 

(2.22) lim f(t) = and lim /'(t) = 0. 

t^r— oo £ — > — oo 
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(b) If c < 1 then there exists r£l such that f(t) = /(t + r) an even function. 



In particular, if c = t/ien /(t) = vT+~^. 



Proof. We first consider the case c = 1. Suppose /'(to) = for some t G R. Then 
/(t ) = by (I2.19P and therefore / = by the uniqueness of solution, which is a 
contradiction. Thus /' > on the entire R. Since / is convex and bounded below 
from zero, we have /'(£) — > and hence /(t) — > by (12.191) as t approaches negative 
infinity. This proves (a). 

Now suppose c < 1 and let h be the unique solution of (12 . 181) satisfying h'(0) = 
and h(0) = (1 — c] x l n > 0. Then h is an even function as h(—t) is also a solution of 
(12.181) satisfying the same initial conditions. By Lemma l2TTl (e) we have h(t) = /(t+r) 
for some r G R. □ 

It follows from Lemma [2. II that for each constant c < 1, up to a translation and 
reflection there exists a unique positive solution f c of ( 12.131) and (12.181) which satisfies 
(12.191) on R. According to Lemma 12.21 we will assume throughout the paper f c is even 
for c < 1, and that /i is chosen so that /i(0) = 1 and f[{t) > for all t G R. Note 
that /o(t) = Vl + 1 2 . Let fj c denote the graph of 



We see that 9) c is a spacelike entire graph of constant Gauss curvature one in R n ' 1 . 
Our main result of this section is the following characterization of fj c . 

Theorem 2.3. (a) For all c < 1, Sj c is a complete Riemannian manifold with respect 
to the induced metric from R n ' . (b) The principal curvatures of S) c are uniformly 
bounded fore < 1, while Sji has unbounded principal curvatures, (c) Du c (M. n ) = i?i(0) 
for allc<l and D Ul (R n ) = B?(0) := B^O) n {x x > 0}. 

Proof. Note that the principal curvatures are given by (12.171) . Part (b) therefore 
follows from Lemma [2.21 and Lemma [2.11 (b), as does part (c) in view of ( 12. lip . 

To prove part (a) we write / = f c and u = u c . Let a(s) = (x(s),u(s)), s G [0, L) 
be a geodesic ray on Sj c parametrized by arc length such that \x(s)\ — >• oo as s — > L. 



(2.23) 



■ c (x) := V/c^i) 2 + l^l 2 , xeR n . 



By (ETUI) we have 




V0 < s < L. 
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If c < 1 we see from f^/l — f' 2 > a/1 — c that 

logw(s) — logw(O) < , Vs < L. 

V 1 — c 

It follows that L = oo since w is a proper function on M. n in this case. 

We now consider case c = 1 and assume /' > 0. Suppose there exists some constant 
N > such that x\(s) > — iV for all < s < L. We then have L = oo as in the 
previous case (c < 1) since, by Lemma 12721 (a), fy/l — f' 2 > c > for all < s < L 
where Cq is a constant. 

Now assume that 

liminfxi(s) = — oo. 
Let gij be the metric of Sj\. We claim that 

(2.24) > a - (f ) 2 )£ 2 , v e = (6, o e K n - 

This follows from the following calculations 

^ii^ 2 = (i - (/') 2 )£ 2 + 



2 



If 

2 1 £12 



9 v- 2//'6 v (/ , ) 2 i^i 2 e 1 2 / 2 iei 



and 



»J>2 

Using ( 12.241) we obtain 



i>2 i>2 

? > Z 2 ! 12 



> 



dx 2 doc <j \ 2 - 



> - / Vi - (/') 2 ^i 

^xi(O) 
fa;i(s) 



> - 



J a 



-xi(s) +o 
> , V0<s<L, 

where the constant a < £i(0) is chosen to satisfy f'(t) < 4j for t < a. Letting s — > L 
we obtain L = oo. □ 
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Remark 2.4. When c < 1 part (a) of Theorem 12.31 also follows from a result of Li [12] 
as the principal curvatures of $) c are bounded. 

Remark 2.5. Up to rescaling any entire spacelike K-hypersurface M in MJ 1 ' 1 which is 
roataitonally symmetric about a spacelike line is congruent to S") c for some c < 1 if 
the principal curvatures of M are uniformly bounded, and to Sji otherwise. 

These K-hypersurfaces will be used to construct barrier function in our study of the 
Minkowski type problem in SectionHl For this purpose we need to know more accurate 
asymptotic behavior at infinity of these hypersurfaces. The rest of this section is 
devoted to this topic. Our main tool is the following comparison result for solutions 
of (gig) . For a solution / of (123311 . fl2TT8|) we denote C f = (1 - f' 2 )~ n / 2 - f n < 1. 

Lemma 2.6. Let f and g be positive solutions of h2.13\) , Ii2.18\) with Cf < C g < 1. 
Then (a) \f'(t)\ < \g'(t)\ wherever f(t) < g(t); and (b) if f'(t ) = g'(t ) for some 
t e R then f(t) - g(t) > f(t ) - g(t ) > for all t e R. Moreover, f'(t) > g'(t) for 
all t > t and f'{t) < g'{t) for all t < to- 
Proof. Clearly (a) follows from equation (12.191) . To prove (b) let h = / — g. Since 
C f < C g we have h > by (12TT91) and, therefore, h" > by (l2~T8l) whenever h! = 0. 
Consequently, h attains a positive local minimum at any critical point. This implies 
that h can have at most one critical point; (b) is thus proved. □ 

Corollary 2.7. (a) If c < or c = 1 then 

VT+P < f c {t) < y/1 + (t + r c ) 2 Vt > 

where r c = ^(^(O)) 2 - 1 = - cfl n - 1 for c < 0, and n = V2 2 / n - 1. (Recall 
that fo(t) = VTT¥.) 
(b) < c < 1 then 

f c (t) < Vi+t 2 < fc(t + T c ), Vt>0 
where r c > satisfies f c (r c ) = /o(0) = 1. 



Proof. These are consequences of Lemma [2T61 (b) (applied to f c and fo; recall that 
f = Vl + t 2 ) and the uniqueness of solutions to the boundary value problems of 
equation d2~T8D . □ 
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By Lemma [2761 and Corollary 12.71 /o(i) — f c (t) is monotone and bounded for t > 0. 
Consequently, the limit 

A c = lim (f (t) - f c (t)) 

I— > + oo 

exists for all c < 1. Note that A c < / (0) - / c (0) < for c < 0, A c > / (0) - / c (0) > 
for c > 0, and Ai < 0. 

Theorem 2.8. For any c < 1 

(2.25) lim (tf' c (t) - f c {t)) = A c , 

I— > + 00 

while 

(2.26) lim (tf[(t) - h(t)) = 0. 

I— > — oo 

Proo/. Let F c (t) = t/£(t) - f c (t). By the convexity of f c , F' c (t) = tf'J(t) > for t > 
and F c '(t) = < for t < 0. 

Let us first prove 

(2.27) A = lim Fi(t) = 0. 

t— >— oo 

The limit exists since < and < for t < 0. Suppose A < 0. Since 

-Fi(t) < ^4 for t < and f\{t) —>■ as i — > — oo, there exists T < such that 

*/!(*) <A + fi(t)< 0, Vt<T. 

Thus 

<-, Vt<T 



and 

In |/i(T) + A| - In |/i(t) + A| < In |T| - In \t\, Vt < T. 
Letting t — > — oo we obtain a contradiction 

ln|/i(r) +A\ - ln|A| = -oo. 

This proves (12.261) . 

We next prove f!2.25|) for c < 0; the proof for < c < 1 is similar and will be 
omitted. In the rest of this proof let c < be fixed. For any fixed N > there is 
unique S N > and T N > such that f c (N) = f^N + S N ) and f c {N) = f (N + T N ). 
We have 

(2.28) f (t + S N ) + f c (N) - f (N + S N )) < f c (t) < f (t + T N ), Vt > N 
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and 

(2.29) fo(t)<f c {t)<fd(t + T N ), Vt>N. 

by Lemma 12.61 ((a) for the second inequality in (12.291) and (b) for the first ones in 
(12~28D and (12T291 . Note that /^(0) = $(0).) Consequently, 

F e (t) <tf {t + T N ) - (f (t + S N ) + f c (N) - f (N + S N )) 

<F (t + T N ) + f (t + T N ) - T N f Q (t + T N ) 

-fo(t + S N ) + f {N + S N )-f c (N) 

<F (t + T N ) + f (t) - f (t + S N ) + f (N + S N ) - f c (N), Vt>N 

since fo(t + T/v) — T^f'^it + T/v) < fo(t) by the convexity of /o. Thus limF c (t) exists 
as t — > +oo and 

(2.30) lim F c (t) <f (N + S N ) - f c (N) - S N 
as 

lim F (t) = 

and 

lim (f (t + S N )-f (t)) = S N . 

t—>+oo 

On the other hand, from f 1 2 . 2 8 j) and (12.291) we have 

F c (t) > tfl(t) - f (t + T N ) = F Q (t) + f (t) - f (t + T N ), Vt > N. 
It follows that 

(2.31) lim F c (t) > lim (f (t) - /„(* + T N )) = —T N . 
Note that 

lim (f (N + S N ) - f (N) -S N ) = 

N— >+oo 

and 



lim T N = lim (f (N + T N )-f (N))= lim (f c (N) - f (N)) = -A c . 

JV— >+oo JV-^+oo JV^+oo 

Letting N approach infinity, from f 1 2 . 3 f) and (12.311) we obtain ( 12.25ft . □ 
Corollary 2.9. Let f^t) = f x (t + Ai). T/ien 



lim (f£(f) - / x (f)) = 0. 

t — »oo 
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Corollary 2.10. Let u* c be the Legendre transform of u defined by 
u* c (y) = sup{x ■ y - u(x) : x G R n }, y E Du c (R n ). 

Then 



(2.32) u* c {y) 



A c |yi|, for y = (y h y) E 95i(0), if c < 1 
Ac2/i, fory=(yi,y)EdBf(0),ifc=l 



where B^O) is the unit ball in R n , and Bf(0) = B^O) n {y x > 0}. 
Proof. For any y G Q c = Du c {R n ), by (j2TTB 

u c {y) = x ■ Du c {x) - u c [x) = — , 

u c {x) 

where x = (x\,x) E R n is uniquely given by Du c (x) = y. Letting y approach an 
arbitrarily fixed point on dfl c we obtain (12.321) from Theorem 12.81 and (12. lip . □ 

This proves to be useful in Section H] where we will also need the following lemma 

Lemma 2.11. A c — ► — oo as c —>■ — oo and A c — > +oo as c — > 1~. 

Proof. The first case is obvious since A c < /q(0) — / c (0) = 1 — (1 — c) 1 /™ for c < 0. 
Next, for any fixed N > there exists cn E (0, 1) such that 

/ c (0) = (l-c) 1/n </ 1 (-2iV), V CA r<c<l. 

By Lemma 12.61 (a), 

fc(t) < fi{t - 2N), Vt > 0, c N < c < 1. 

In particular, 

f c (N) < fri-N), V Cjv <c<1. 

It follows that 

A c > /o(A0 - /c(iV) > /o(iV) - A(-iV), Vc w < c < 1 

since /o(t) — f c {t) is increasing for t > when c > 0. Letting c — > 1~ and then 
N — > +oo, we prove the second case. □ 
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3. The tangent cone at infinity 

In this section we first characterize the tangent cones for entire spacelike convex 
hypersurfaces in Minkowski space with bounded Gauss curvature. We then will con- 
sider the problem of finding such K-hypersurfaces of with a prescribed tangent cone 
at infinity. Let u be an entire convex solution of fll.ip - fll.2B with < ip\ < ip < ip2 on 
R n where %p\, ip2 are constant. Consider 

. , u(rx) 
u r (x) := — — -, x G M. , r > 0, 
r 

(3.1) V u (x) :=\imu r (x), xER n . 

r— »0 

Following [7] and [13] we call V u the blow down of u at infinity. Note that, by (11. ip 
and the convexity of u, V u is well-defined and convex on R n , 

(3.2) V u (\x) = XV u (x), Vi6l n , A > 
and 

(3.3) \V u (x)-V u (y)\<\x-y\, \/x,yER n . 
Moreover, V u satisfies the null condition, that is 

Lemma 3.1. For any i6R" there exists y G M. n , y ^ x, such that 

(3.4) \V u (x)-V u (y)\ = \x-y\. 

Proof. Suppose this is not true. Then there exists x G M. n and 5 > such that 

V u {x) < V u (x ) + 1-26, Vie dB^xo) 
where Bi(xq) is the unit ball in ~R n centered at xq. By the convexity of u we have 

-r(u r (x) - uJO)) < 0, Vx G R n . 
dr 

Thus the limit in ( 13. ip is uniform on compact sets by Dini's Theorem. Consequently, 
we can find ro > such that 

(3.5) u r {x) < V u (x ) + 1 - 5, VxedBxixo) 

for all r > rQ. It therefore follows from the maximum principle that 

u r {x) < W(x; r) := V u (x ) + ((^r)" 2 + \x - x \ 2 )^ - 6, Wx G B 1 (x ) 
as both u r and W(-; r) are spacelike in Bi(xo) and 

det D 2 u r (x) = r n detD 2 u(rx) > r"-0i(l - iDu] 2 )^ , x G B x (x Q ) 
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while 

det D 2 W(x;r) = r n fa(l - \DW(x; r)| 2 )^, x G B^xq). 
Letting r^oowe obtain 

V u (x ) < V u (x ) - 5, 

which is a contradiction. □ 

Recall that the set of sub differentials of a convex function v at a point x G M n is 
defined as 

T v (x ) := {a G R n : > v(x ) +a-(x-x ), Vx G M 71 }. 

Obviously, T v (x ) is a closed convex set and equals Dv(x ) if v is differentiable at x . 
We call Ty u (IR n ) the tangent cone at infinity of graph u. Using Lemma [3.11 one can 
show as in [7j that 

(3.6) T^^ = T v ^) = Dri^QBjp) 
and 

(3.7) V u (y) = \y\, Vt/e^(r). 
This last identity can be seen as follows. By definition 

V u (y)>V u (0)+yy=\y\ 2 , VyGT K (0) 
since V u (0) = 0. In particular, from (13.31) we have 

V u (y) = l, VyeT Va (0)ndB 1 (0) 
By ( 13. 2ft . we therefore obtain ( 13 . TP . The following lemma can also be shown as in [7j. 

Lemma 3.2. Tv u (0) is the convex hull ofTv u {0) D dBi(0). In particular, Ty u (0) /ias 
no interior strictly extremal points. Moreover, 

V u {x) = sup{a • x : a G Ty u (0) n ^(O)}, x G M n . 

It is a natural question to find entire K-hypersurfaces with a given tangent cone. 
In order to treat this problem we introduce a class of weak solutions to (11.21) and 
discuss their basic properties. 

For a domain ftCl™ and a nonnegative function ip defined on Q x M, let A[ip, fl] 
denote the collection of weakly spacelike, locally convex subsolutions (in the viscosity 
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sense) of ( 11.21) in C°(Q). We call u G A[ip, Q] an admissible maximal solution of (ll.2p 
in Q if 



(3.8) / V 1 - \Du\ 2 dx > / V 1 - \Dv\ 2 dx 

for any bounded subdomain Q' of Q and v G A[ip, £1'] with u = v on dQ. Note that 
(13. 8p means geometrically that the volume of graphs (m) is greater than or equal to 
that of grapliQ/(f). Thus the graph of an admissible maximal solution is a volume 
maximizer in A [if), Q}. 

Lemma 3.3. Let u G A[ip, Q] be an admissible maximal solution of U.ty) . If u is 

spacelike in a subdomain Q' C Q, then it is a viscosity solution in Q' . In particular, 
if u G C 2 (Q') then it is a classical solution, and is locally strictly convex if ip > 0. 

Proof. We first assume that Q' is smooth and bounded, ip G C 0O (f2 / x M), ip > 0, 
and u G C 2 (Q'). Using u as a subsolution, we can apply a theorem in [9] to obtain 
a spacelike locally strict convex solution v G C°°(Q') of (II. 2p satisfying v > u in Q' 
and v = u on <9£7'. By Lemma [3.41 (below) we have 



/ v 71 - \Du\ 2 dx < / v 71 - l-Cto l 2 ^- 



Replacing u by f on Q', we obtain a function u G ^.[^jO]. By the definition of 
admissible maximal solutions we see that the equality holds and therefore v = u in 
Q! . By an approximation argument we prove the lemma in the general case. □ 

Lemma 3.4. Let u±,U2 G C 0,1 (Q) H C°(Q) be spacelike and satisfy u\ > u<i in Q and 

Mi = «2 on Suppose u\ is convex, or more generally, the spacelike graph of u% in 

W 1 ' 1 has nonnegative generalized mean curvature almost everywhere, that is 

( Dux \ 
div\ — = > a.e. 

Then 

/ v 7 ! - \D Ul \ 2 dx > / y/l - \Du 2 \ 2 dx. 
Jn Jq 

The equality holds if and only if u\ = u 2 in Vt. 

Proof. Let Si denote the graph of Ui in R n+1 over Q and 

{-D Ui {x)A) 
Jl + \DuAx)\ 2 
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the (Euclidean) upward unit normal vector field to Si, i = 1,2. Consider the vector 
filed 

where 

R := {(x, z) G R n+1 :u 2 (x)<z< Ui(x), x G fi} 
is the region in M. n+1 bounded by S\ and S 2 . We have 

divA^(x, z) = divf Dui =) > a.e./; in R. 
^ a/1 — |-Dmi| 2 ^ 

Consequently by the divergence theorem 

< / diviVcfo = / N • v x do -IN- v 2 da 

J R J Si Js 2 

\/l — \Dui\ 2 dx — [ — 1 =dx 
Jn Jl- \D Ul \> 



< / a/1 - \Du x \ 2 dx- / y/1 - \Du 2 \ 2 dx. 
Jn Jn 

The last inequality follows from 

(1 - Du x ■ Du 2 ) 2 > (1 - |-D«i| 2 )(l - |^m 2 | 2 )- 
Obviously, all the equalities hold if and only if U\ = u 2 in Q. □ 

We now state our existence result of this section. 

Theorem 3.5. Let E be a subset ofdBi(0) which is not contained in any hyperplane 
in R n . Then there exists a convex admissible maximal solution u G C 0,1 (M. n ) to U.fy) 
with ip = 1 satisfying 



(3.9) Du(R n ) = T(E), 
where T(E) denotes the convex hull of E, and 

(3.10) V u (x) = Ve '■= sup a ■ x, x G 



Proof. By a theorem of Choi-Treibergs [7] there exists a spacelike entire graph x n+ i = 
v(x), v G C°°(M n ), of mean curvature one whose tangent cone is T(E). Moreover, v 
is strictly convex and satisfies v > V v = Ve on R n . 
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For each integer k > 1, by a theorem of Delanoe [8] there exists a unique spacelike 
strictly convex solution Uk E C°°(B k (0)) to the Dirichlet problem 

n + 2 



det D 2 u = (1 - \Du\ 2 )^r i n B k (0) 
u = v on dBk(0). 

Since \Du k \ < 1 and |-DVe| — 1 where DVe exists, by the maximum principle we 
have Ve < Uk < v on -Bfc(O) for all k. Moreover, there exists a subsequence u^. and a 
weakly spacelike convex function u G C 0,1 (M. n ) such that u\ tj converges to u in C 0,1 (f2) 
for any bounded domain Q in W n . It follows from Lemma 13.41 and the comparison 
principle that u is an admissible maximal solution to (11.21) . Note that Ve < u < v. 
From V v = V E we obtain (THTTTTT) and therefore (ES]) by (ESD- □ 

4. The Minkowski type problem 

In this section we consider the Minkowski type problem which provides a natural 
approach to the problem of finding entire spacelike hypersurfaces of prescribed Gauss 
curvature. Let M = graph(w) be a smooth spacelike strictly convex hypersurface. 
Then the Gauss map 

v : M - H" C E 71 ' 1 , u(x, u(x)) = j^jp 

is a diffeomorphism from M onto its image in H n . On the other hand, M n can be 
identified with the unit ball -Bi(O) in M. n by the diffeomorphism 

^n+l 

For convenience we will also call n := it o v the Gauss map. It is immediately seen 
that 

n(x,u(x)) = Du(x), Vx 6 K". 

Thus geometric quantities of M can be viewed as defined via the Gauss map on its 
image Q := n(M) C Bi(0). Naturally one can consider the Minkowski type problem: 
given a domain Q C -Bi(O) and a function rj > on Q, find an entire spacelike strictly 
convex hypersurface M = graph(w) whose Gauss map image is Q and Gauss curvature 
at n _1 (|/) is given by r](y) for y 6 Q where n _1 : Q — > M is the inverse Gauss map. 

As fl has nonempty boundary (in M n ), one needs to impose certain boundary 
conditions in order to describe the asymptotic behavior of the hypersurface at infinity. 
To formulate such a boundary value problem, we consider the support function of the 
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graph of u given by the Lorentz inner product (X, v) — [x ■ Du — u)j a/1 — \du\ 2 . The 
expression x ■ Du(x) — u(x), 16I" leads us to consider the Legendre transform of u 

u*(y) = sup (x ■ y — u(x)), y G Q. 
where Q = Du(MP) C B\(0). It is well known that u* is strictly convex and that for 

yen 

u*(y) = x ■ y — u(x), Du*{y) = x 

and 

D 2 u*(y) = (D^x))- 1 

where x G R n is uniquely determined by Du(x) = y. By (11.21) we see that u* should 
satisfy the Monge- Ampere equation 

(4-1) det D 2 v(y)= - — -. rg , Vy G H 

vwi 1 - \y\ ) 2 

where T](y) — if)(x). 

Conversely, given a convex domain Q C Bi(0) and 77 G C°°(f2), rj > 0, if there 
exists a strictly convex solution v G C°°(f2) of (14. ip such that 

(4.2) Dv(Q) = R n , 

then its Legendre transform u = v * is a smooth spacelike strictly convex solution 
of (II. 2p defined on M n with -^(x) = ^(y), where y is given by Dv(y) = x, for all 
x G M n . According to Li [12] , the resulting hypersurface M = graph(-u) has uniformly 
bounded principal curvatures if and only if fl = i?i(0). 

Li [12] treated the Dirichlet problem in Q = I?i(0) for (]47n) - P~2l) with smooth 
boundary data. From the geometric point of view, it would be natural to consider 
Lipschitz boundary data, as well as general subdomains of -Bi(O). Analytically, this 
is a challenging problem as one has to construct more sophisticated barrier functions 
to prove that (14. 2 p is satisfied. (In [12] the barriers are constructed from the function 
\J\ — 1 2/ 1 2 which is the Legendre transform of the hyperboloid ( 11. 31) .) Our main 
results of this section extend the theorem of Li [12] to allow Lipschitz boundary data 
in dimension n = 2 (Theorem 14. 5p . and to the case fl = Bf(0) (Theorem 14.11) for all 
n. This is achieved with the aid of the rotationally symmetric K-hypersurfaces fj c 
constructed in Section[2j We first consider the case Q = B^(0): write dfl = d + QUd Q 
where d+Q = dQ n {yi > 0} and d Q = dQ n {yi = 0}. 
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Theorem 4.1. Let Q = £+(0) and ip G C°(dtt) n C°°(d + n), rj G C°°(Q) n C°(fi), 
?7 > 0. Suppose in addition that 

(4.3) <y9 zs affine on OqVL. 

Then there exists a unique strictly convex solution v G C°°(fi) nC°(fi) o/ (4-1 ) which 
satisfies \4-W an ^ the Dirichlet condition 

(4.4) v = ip on dVL. 

Proof. For convenience we write if) = 1/rj and will still use tp to denote its harmonic 
extension to H. Note that (p G C°°(fi U d+Q). Let fii C • ■ • C fi fc C ■ ■ • C Q be a 
sequence of smooth strictly convex domains such that 



(4.5) |J n * = a 

i=i 

Let Ek — > 1 be a strictly increasing sequence. By [4] there exists a unique strictly 
convex solution Vf. G C°°(Qk) to the Dirichlet problem 



n+2 



(4.6) 



detL> 2 w fc = V(l-e*|2/| ) 2 in 
f fe = if on 

By the maximum principle 

(4.7) if > Vk > v k+ i > v in Q k , V/c > 1. 

where 



if = minyj, ^ = max?/), 
since v is a subsolution of (14.61) for each k > 1, i.e. 
(4.8) det = ^(1 - |y| 2 ) - ^ >^(1- £ fc |y| 2 )"^ inH^ 



n+2 



and tf < y> on dQ k - From ( 14. 7ft we obtain by the convexity of a uniform bound 
on any compact subset of Q for \Dv k \ independent of k. It follows that v k converges 
uniformly on any compact set in Q to the convex function v G C°(Q) given by 

v{y) = lim v k (y), y efi. 

fe^oo 
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Next, for an arbitrarily fixed point y G dQ by subtracting an affine function we 
may assume (p(y) = and Dtp(y) = 0. Since ip G C°{dVt) fl C°°(d + Q) and if is affine 
on <9 fi we can choose A > sufficiently large depending on \D<f\g-jf such that 

(4.9) -AZfe) <p(y) <Al(y) VyedQ 

where l(y) = 1 — y ■ y ii y E d + Q, l(y) — y\ if y G <9ofi. By the maximum principle we 
have as in (14.71) that 

(4.10) ip{y)>v k {y)>^u* x {y)-Al{y)i Vy G fi fc , Vfc>l. 

Here, with a slight abuse of notation, u\ is the Legendre transform of the function 
Ui(x) := (A(xi) 2 + |x| 2 ) 1/2 where f x {t) = f(t + Ai) as in Corollary [2T9l noting that 
u\ G C°(B+) n C co (B+) satisfies 

det£>V[ = (f - \y\ 2 )~^ in 
and m* = on <9f2 by Corollary 12.91 Letting k — > oo we obtain from (14.10p that 

(4.11) limu(j/) = ¥>(y), Vy E d£l 

y^y 

since = if)™u\{y) — A£($) = 0. 

This proves t> G C°(f2) with t> = ip on <9£7. We next want to prove v G C°°(0). Note 
that f is a convex viscosity solution of (14.11) in Q. Let ?/o be any interior point in Q and 
P a supporting plane of := graph(t>) at (yo,v(yo)). We claim that PflS^ contains 
a single point (jfoj v(yo)). For otherwise, by a theorem of Caffarelli [2], P fl E„ would 
contain a segment from (y ,v(y )) to a boundary point (y, v(y)) for some y G <9fi, 
which would imply 

(4.12) lim ^ + te) -^ } = > -oo 

where e is the unit vector pointing from y to y. However, by the maximum principle 
and the second inequality in (14.91) which we may still assume to hold, 

(4.13) v(y)<Al(y)+^u* 1 (y), Vt/GO, 
where 

if) = rnmip > 0. 
— a 

It follows that 

(4.14) lim v Jy+M^m < A e.Dl + ^ lim + * e ) ~ = _oo 
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since \Du*\ = oo on dQ. This contradicts 1 14. 12ft . proving our claim. By Caffarelli's 
theorems [2], [3] and the Evans-Krylov regularity theory v is a smooth strictly convex 
solution of (14. ip in Q. Moreover, from (14.141) which holds for any interior point y$ G Q 
and y G dfl, we see v satisfies ( I4.2p . □ 

Remark 4.2. The resulting entire spacelike hypersurface M = graph(t>*) must have 
unbounded principal curvatures. 

Remark 4.3. Assumption (14.31) is also necessary when n = 2. In general (n > 2) it is 
necessary to assume <p to be convex but not strictly convex at each interior point of 
8qQ. This is because if <p is smooth and strictly convex at a point y G £>i(0)n{yi = 0} 
then the solution is at least of class C 0,1 up to boundary near y by the boundary 
regularity of Monge- Ampere equations. In particular, (14. 2ft can not hold at y. 

Remark 4.4. Concerning problem (I4.1l) - (l4.2p in a general subdomain Q of -Bi(O), 
Lemma 13.21 gives a necessary condition on Q for its solvability. In particular, when 
n = 2 it implies Q has to be either -Bi(O) or -Bi(O) fl {a ■ y > c} for some a G M n , 
\a\ = 1 and — 1 < c < 1. In all dimensions (n > 2) this latter case can be reduced to 

n = b+(o). 

As we mentioned above, our second main theorem of this section concerns the 
Minkowski type problem with Lipschitz Dirichlet boundary data. 

Theorem 4.5. Let n = 2, Q = Bi(0) C M 2 , r\ G C°°(n) fl C (TL), r] > 0, and 
f G C 0,1 (dQ). Then there exists a unique strictly convex solution v G C°°(Q) nC°(f2) 
of Hi4.1\ ) which satisfies $JJfy and ( |^.^[ ). Consequently, there exists a smooth complete 
entire spacelike strictly convex 

hypersurface M with Gauss curvature 

K M (n-\y)) = r ] (y), Wy G -Bi(O) 

where n -1 : -Bi(O) — > M is its inverse Gauss map. 

Proof. We modify the proof of Theorem 14. 11 First by approximation (solving (14. 6 j) 
for Qk = Bi(0) f° r ail k > 1) we obtain a convex viscosity solution v G C°(Q) of 
( 14. ip . To proceed let y G (9fi. We may assume y = (0,1) and (p(y) = 0. Since 
cp G C 0,1 (9fi), by Corollary 12.101 and Lemma [2.111 there exists c\ < 0, < c 2 < 1 and 
A > (independent of y) such that 

(4.15) ^u* cl - A{1 -y 2 )<f< ^u* + A(l - y 2 ) on dQ. 
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(4.16) V"< - A(l -y 2 )<v< V)«< 2 + A{1 - y 2 ) in Q. 

This proves v G C°(0) and v = ip on <9fi. 

Finally, using the second inequality in (I4.16P (in place of (I4.13P ) we can prove 
v G C°°(Q) and satisfies f)4.2p as in the proof of Theorem 14.11 □ 

It would be interesting to extend Theorem 14.51 to higher dimensions. 
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